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ABSTRACT
The inverse heat conduction problem (IHCP) in a onedimensional composite slab with rate-dependent pyrolysis
chemical reaction and outgassing flow effects is investigated
using the conjugate gradient method (CGM). The thermal
properties of the composites are considered to be temperaturedependent, which makes the IHCP a nonlinear problem. The
inverse problem is formulated in such a way that the frontsurface heat flux is chosen as the unknown function to be
recovered, and the front-surface temperature is computed as a
by-product of the IHCP algorithm, which uses back-surface
temperature and heat flux measurements. The proposed IHCP
formulation is then applied to solve the IHCP in an organic
composite slab whose front surface is subjected to high
intensity periodic laser heating. It is shown that an extra
temperature sensor located at an interior position is necessary
since the organic composites usually possess a very low
thermal conductivity. It is also found that the frequency of the
periodic laser heating flux plays a dominant role in the inverse
solution accuracy. In addition, the robustness of the proposed
algorithm is demonstrated by its capability in handling the case
of thermophysical properties with random errors.

1. INTRODUCTION
Advanced composites are materials in which two (or more)
constituents are engineered to produce properties that would
not be attained by conventional means [1]. Composite materials
are widely used for aircraft and missile cases due to their
lightweight and durability. To defeat the invasion of the enemy
military object, High Energy Laser (HEL) weapons can be
employed because they offer the advantages of remote delivery
of energy at the speed of light onto a small spot on military

target. During laser irradiation, it is critical to know the
temperature at the heated front target surface in order to
accurately understand damage mechanism. However, the
heated front-surface is either inaccessible or too hot so that it is
unsuitable for attaching a sensor. Similar problems are found in
some laser manufacturing processes [2]. Under these
circumstances, the heated (front) surface temperature can be
determined indirectly by solving an inverse heat conduction
problem (IHCP) [3-5] based on the transient temperature and/or
heat flux measured at the back surface.
In the mathematical formulation of the inverse problem,
either temperature or heat flux can be measured at the back
surface. Most researchers prefer temperature measurements
because temperature can be measured with fewer uncertainties
compared to the heat flux measurements [6-9]. However, recent
studies have showed that using measured heat flux as
additional information in the formulation of an IHCP can make
the solution less prone to the inherent instability of the ill-posed
problem of inverse heat conduction [10, 11].
Although IHTPs have been extensively studied for
different applications in the past (e.g., [12-20]), little work has
been done for periodic laser irradiation to a remote surface. The
laser energy is delivered to the surface in a periodic way due to
target-spinning or atmosphere variation. Since the formulation
of the IHCP is quite subjective, it is necessary to determine
which formulation is more appropriate for applications with a
periodic heat flux, which may pose extra difficulties in the
solution of the inverse problems.
Recently, the authors proposed a robust and errorinsensitive IHCP algorithm to reconstruct the front-surface
heating condition with back-surface measurement data [21, 22].
It was demonstrated that the best solution can be obtained by
choosing the front-surface heat flux as the unknown function
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and using the temperature measurement data as the boundary
condition at back surface while the heat flux measurement data
is employed in the objective function. However, the
applicability of the authors’ work is limited to pure conduction
cases. To the best of the authors’ knowledge, little is done for
the inverse problem in composite materials subjected to laser
heating. For composites, when the temperature is elevated to
the pyrolysis point, the composite material undergoes chemical
decomposition. Meanwhile, the decomposing process gives off
gaseous byproducts that flow from the pyrolysis zone toward
the composite front surface [23, 24]. Furthermore, the thermal
conductivities of composite materials are usually very low. It
will be very difficult, if not impossible, to recover the heating
condition at remote surface based on the information measured
at accessible surface.
In this study, the IHCP in composite materials with
pyrolysis effect and temperature-dependent thermophysical
properties is investigated using the conjugate gradient method
(CGM). The proposed inverse model incorporates many
important mechanisms, including temperature-dependent
thermal properties, rate-dependent chemical reaction, pyrolysis
byproduct outgassing, etc. Parametric studies are performed to
determine the optimum locations of the measurement points for
periodic laser heating with different frequencies. The
robustness of the proposed algorithm is also demonstrated by
its strong ability in handling the case of thermophysical
properties with random errors.

NOMENCLATURE
A
frequency factor
B
a parameter related to activation energy, K
c
mass specific heat, J/(kg·K)
mass specific heat of gas at constant pressure,
cpg
J/(kg·K)
C
volume specific heat, J/(m3·K)
D
diameter of the gas flow channel, D=2 Rc , m
f
fr
G (x, t)

hgas

ΔH
k
L
M
Ma
NuD
q
q1(t)

frequency of periodic laser heating, Hz
friction factor
heat source due to the convective heat
exchange between the pyrolysis gas and the
solid part, W/m3
convection heat transfer coefficient between
the gaseous byproducts and the solid part of
the composite, W/( m2·K)
chemical reaction heat, J/kg
thermal conductivity, W/(m·K)
thickness of 1-D composite material, m
order of decomposition chemical reaction
Mach number
Nusselt number
heat flux, W/m2
heat flux at front surface, W/m2

Δq[ L, t; d k (t )]

heat flux variation, which is sometimes

S
∇S [q1k (t )]

simplified as Δq ( d )
heat source arising from the pyrolysis
decomposition, W/m3
objective functions
gradient direction of objective functional at

ΔS [q1 (t )]

iteration k
objective function variation

k

Q (x, t)

Rc
Rf

radius of the gas flow channel, m

Rg

gas constant, J/(kg·K)

t

tf

time, s
final time, s

t pyro

pyrolysis onset time, s

T
T0
T1(t)

temperature, K
initial temperature, K

T∞

outer radius of the fiber, m

front surface temperature, K
ambient temperature, K

Tg
temperature of the pyrolysis gas, K
gas stagnation temperature, K
Tg0
ΔT [ x, t ; q1 (t )] temperature variation, which is sometimes

υg
x
YqL(t)
YT1(t)
YTL(t)

simplified as ΔT
gas flow velocity, m/s
spatial coordinate variable, m
measurement heat flux at the back surface,
W/m2
temperature reading at interior location, K
measurement temperature at the back surface,
K

Greek symbols

α
βk
χ

δq
δT

ε
κ
γk
λ ( x, t )
ρ
σ

2

fraction of the decomposed material
search step size at iteration level k
tolerance used to stop the CGM iteration
procedure
standard deviations of the heat flux
measurement
standard deviations of the temperature
measurement
surface emissivity
specific heat ratio of the pyrolysis gas
conjugate coefficient at iteration level k
Lagrange multiplier
density, kg/m3
Stefan-Boltzmann constant,
W/(m2·K4)

σ = 5.67×10-8
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ω
ξ
Superscripts
k
Subscripts
0
f
g
m
max
q
T

random variable between -1 and 1
perturbed variable

The purpose of the IHCP is to reconstruct the heat flux

q1 (t ) and temperature T1 (t ) at the front surface of the
composite material based on the measured temperature and heat
flux at the back surface, or/and the temperature readings at
some interior locations if necessary. Due to the fact that
temperature measurement contains much less errors compared
to the heat flux measurement [6-9], the back surface
temperature YTL (t ) is used as the boundary condition, and the

iteration level
initial
fiber
gas
matrix
maximum
heat flux
temperature

2. MODEL DESCRIPTION
For a laser beam with flat-top profile, if the beam size is
much larger than the thickness of a heated target, the IHCP can
be treated as a one-dimensional problem. To illustrate the
methodology of the inverse heat transfer algorithms employed
in this study, a finite composite slab with a thickness of L, as
shown in Fig. 1, is considered. The black regions represent
fibers; the gray regions denote the matrix. Initially, the slab is
uniformly at temperature T0 and is subjected to a high
intensity laser heating from t = 0+ at its front surface (x = 0).
Before the pyrolysis occurs, only pure conduction takes place
in the composite. When the temperature of the composite is
elevated to the pyrolysis temperature, the composite material
undergoes chemical decomposition. Meanwhile, the
decomposing process gives off gaseous byproducts that flow
outward from the pyrolysis zone to the composite surface [the
white regions in Fig. 1 represent the gas flow channels]. Thus,
there is convection heat exchange between the solid part of the
composite and the pyrolysis gas. Each gas flow channel,
together with its surrounding material, constitutes an element
(shown by the dash-line rectangular box in Fig. 1).

back surface heat flux YqL (t ) and the temperature reading at
interior location YT 1 (t ) are adopted in the objective function.
In the reminder of this section, the mathematical
formulations for the direct, inverse, sensitivity and adjoint
problems required for the CGM solution of the inverse problem
in composites will be derived.
2.1 The direct problem
The direct problem can be expressed as follows:
∂T
∂ ⎡
∂T ⎤
(1)
C (T )
=
k (T )
+ Q ( x, t ) + G ( x, t )
∂t

∂x ⎢⎣

T = T0

∂x ⎥⎦

for 0 ≤ x ≤ L, t = 0

(2)

∂T
(3)
= q1 (t ) for x = 0, t > 0
∂x
(4)
T ( L, t ) = YTL (t ) for x = L, t > 0
where t is time; T is temperature; x is coordinate variable; C
and k are the volume specific heat and thermal conductivity
of the material (fiber), respectively; Q ( x, t ) is the heat
generation arising from the pyrolysis decomposition; G ( x, t )
is the heat source due to the convective heat exchange between
the pyrolysis gas and the solid part; T0 is initial temperature;
− k (T )

L is thickness of the composites; q1 (t ) is the observed heat
flux at front surface (x=0); YTL (t ) is the temperature at backsurface which is a measurement quantity.

2nd B.C. q1(t)=?
x=0

O

fibers
pyrolysis gas channel

x

matrix

buried temperature sensor

x=L
1st B.C. T(L,t) = YTL(t)
Figure 1 Physical model
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The thermal conductivity, k, is temperature-dependent and
will change as pyrolysis goes on [23]. The volume specific
heat, C, is calculated by combining the corresponding values of
the fibers and matrix, depending on the fraction of the
decomposed material [24]:
C = (1 − α max )C f + α max C m
in nonpyrolysis region

(5)

C = (1 − α max )C f + (α max − α )C m

of the non-pyrolyzable fibers. The subscripts f and m denote the
fiber and matrix, respectively. Since the volume specific heat C
is determined by the fraction of the decomposed material, it is
also temperature-dependent in nature. All the temperaturedependent thermophysical properties make the IHCP a
nonlinear problem.
Pyrolysis is a rate-dependent process. Before the local
temperature reaches the pyrolysis point, the fraction α is set
to be zero. After the pyrolysis begins, it is obtained by
dα
(7)
= A(1 − α ) M e B / T
dt

where A is the frequency factor; B is a parameter related to
activation energy; M is the order of decomposition chemical
reaction. In this work, the chemical reaction is considered to be
of first order, which means M = 1.
Likewise, before the local temperature reaches the
pyrolysis temperature, the heat source term Q( x, t ) in Eq. (1)
due to pyrolysis decomposition is set to be zero. After the
pyrolysis begins, it is determined by
ρ f ΔH dα
ρ ΔH TB − M ∫
=− f
Ae
1 − α dt
(1 − α )

dx
(Ts − Tg 0 )
D

Tg = Tg 0 −

(10)

υ g2

(11)
2c pg
where Tg0 is the gas stagnation temperature; fr is the friction
factor; D is the diameter of the gas flow channel (D=2 Rc );

c pg is the mass specific heat of gas at constant pressure; υ g

(6)
in pyrolysis region
where α is the volumetric fraction of the decomposed
material with a maximum value of αmax due to the existence

Q(t ) = −

dTg 0 = 2 f r

t

t pyro

B

Ae T dt

(8)

where ΔH is the chemical reaction heat.
The other heat source due to the convective heat exchange
between the pyrolysis gas and the solid part, G ( x, t ) , is
computed as:
hgas (Tg − T )
(9)
G (t ) = 2
R f (1 − α ) / 2 Rc
where Tg is the temperature of the pyrolysis gas; R f is the
outer radius of the fiber; Rc is the radius of the gas flow
channel; h gas is the convection heat coefficient between the
gaseous byproducts and the solid part of the composite. The
heat transfer coefficient h gas and gas temperature Tg are
determined by the gas flow simulation results. In this study, the
pyrolysis gas flow is simulated based on a generalized onedimensional analysis technique for compressible flow with
friction and heat transfer described by Shapiro [25], which is
briefly summarized as follows.
The temperature of the pyrolysis gas Tg is calculated
through the Reynolds Analogy:

is the gas velocity, which is estimated based on the Mach
number (Ma):
⎛
⎞ dT g 0
2T g 0
(12)
dMa 2 = ⎜ F +
F ⎟
⎜
⎝

T0

Tw − T g 0

f

⎟ T
⎠ g0

υ g = Ma κ RgTg

(13)

where κ is the specific heat ratio of the pyrolysis gas; Rg is
the gas constant; Ff and FT0 are two functions of the Mach

number Ma; and κ is the specific heat ratio [26].
The convection heat transfer coefficient h gas is computed
by the convection correlation formula for channel flow [27]:
0.14
4/5
1/ 3 ⎛ μ ⎞
(14)
Nu D = 0.027 Re D Pr ⎜ ⎟
⎝ μs ⎠
where the Nusselt number Nu D = hgas D / k gas .

In the above-described direct problem, the front-surface
heat flux q1 (t ) and back-surface temperature YTL (t ) are
regarded as known quantities. The purpose of the direct
problem is to determine the transient temperature distribution in
the composite slab.
2.2 Inverse problem
For the inverse problem, the observed heat flux at the
front surface, q1 (t ) , is treated as unknown and needs to be
recovered. The back-surface temperature measurement, YTL (t ) ,
is used as the boundary condition at the back surface.
The inverse problem can be mathematically described as:
∂T
∂ ⎡
∂T ⎤
(15)
=
+ Q ( x, t ) + G ( x, t )
C (T )
k (T )
∂t

T = T0

∂x ⎢⎣

∂x ⎥⎦

for 0 ≤ x ≤ L, t = 0

(16)

(17)
T ( L, t ) = YTL (t ) for x = L, t > 0
The heat flux readings at the back surface, YqL (t ) , and the
temperature readings (if necessary) at an interior location x1,
YT 1 (t ) , are considered available as additional information, and
will be used in the objective function.
2.3 Sensitivity problem
In order to develop the sensitivity problem, we assume that
the unknown heat flux q1 (t ) is perturbed by an amount

ξΔq1 (t ) . Thus, the temperature T(x, t) undergoes a variation
ξΔT (t ) , that is:
Tξ ( x, t ) = T ( x, t ) + ξΔT ( x, t )

4
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where ξ is a real number and, as a subscript, ξ is referred to
as a perturbed variable. Due to the nonlinear nature of the
problem, the perturbation of temperature causes variations on
the temperature-dependent properties. The resulting perturbed
quantities are linearized as:
dC
(19)
Cξ (Tξ ) = C (T ) +
ξΔT
dT
dk
(20)
kξ (Tξ ) = k (T ) +
ξΔT
dT
For the convenience in the subsequent analysis, we write
the differential equation (1) as:
∂T ∂ ⎡
∂T ⎤
D (T ) = C (T )
− ⎢ k (T )
− Q ( x, t ) − G ( x, t ) (21)
∂t ∂x ⎣
∂x ⎥⎦
The perturbed form of this equation is:
∂T
∂T ⎤
∂ ⎡
Dξ (Tξ ) = Cξ (Tξ ) ξ − ⎢ kξ (Tξ ) ξ ⎥ − Q ( x, t ) − G ( x, t )
∂t ∂x ⎣
∂x ⎦
(22)
To formulate the sensitivity problem, we apply a limiting
process to the differential equations (21) and (22) in the form:
D (T ) − D(T )
(23)
lim ξ ξ
=0
ξ →0
ξ
and similar limiting process are applied for the boundary and
initial conditions of the direct problem. After some
manipulations, the following sensitivity problem is generated
for the determination of the sensitivity function ΔT ( x, t ) :
∂(CΔT ) ∂ 2 (kΔT )
=
∂t
∂x 2

(24)

ΔT ( x , 0 ) = 0

(25)
for 0 ≤ x ≤ L, t = 0
∂ (kΔT )
(26)
−
= Δq1 (t ) for x = 0, t > 0
∂x
(27)
ΔT ( x, t ) = 0 for x = L, t > 0
2.4 Adjoint problem
The solution of the inverse problem is to be obtained in
such a way that the following objective function is minimized:
tf

tf

0

0

S [q1 (t )] = ∫ {YqL (t ) − q[ L, t ; q1 (t )]}2 dt + ∫ {YT 1 (t ) − T [ x1 , t ; q1 (t )]}2 dt

(28)
where tf is the final simulation time; YqL (t ) and q[ L, t ; q1 (t )]
are the measured and computed heat fluxes at the back surface,
respectively; YT 1 (t ) and T [ x1 , t ; q1 (t )] are the measured and
computed temperatures at the interior location x1, respectively.
The right hand side of equation (21) is multiplied by a
Lagrange multiplier λ ( x, t ) and then integrated over the time
and space domains. The resulting expression is added to
equation (28) to obtain:
tf

tf

S [q1 (t )] = ∫ {YqL (t ) − q[ L, t ; q1 (t )]} dt + ∫ {YT 1 (t ) − T [ x1 , t ; q1 (t )]} dt
0

2

0

tf

(29)

dT

dT

The variation ΔS[q1 (t )] can be conveniently obtained by
applying the following limiting process:
Sξ [q1 (T )ξ ] − S[q1 (T )]

(30)
ξ
where the term Sξ [q1 (T )ξ ] is obtained by writing equation
ΔS[q1 (t )] = lim
ξ →0

(29) for the perturbed quantities defined by equations
(18)~(20).
After doing some integration manipulations and applying
the boundary and initial conditions of the sensitivity problems
and letting the terms containing ΔT ( x, t ) be equal to zero, we
get the adjoint problem as follows:
∂λ
∂ 2λ
Δq[ x, t ; q1 (t )]
C
δ ( x − L)
+ k 2 + 2{q[ x, t ; q1 (t )] − YqL (t )}
∂t

∂x

ΔT [ x, t ; q1 (t )]

+2{T [ x1 , t ; q1 (t )] − YT 1 (t )}δ ( x − x1 ) = 0

λ ( x, t f ) = 0

in 0 < x < L, for t > 0
in 0 < x < L, for t = tf

(31)
(32)

at x = 0, for t >0

(33)

∂λ (0, t )
=0
∂t

at x = L, for t >0
(34)
λ ( L, t ) = 0
2.4 Gradient equation and iterative procedure
The gradient equation is as follows:
(35)
∇S [ q1 (t )] = − λ (0, t )
The iterative procedure to obtain a convergent inverse solution
q1 (t ) is:
(36)
q1k +1 (t ) = q1k (t ) − β k d k (t )
where k is iterative level; β is search step size; d (t ) is
the direction of descent, which can be calculated as:
(37)
d k (t ) = ∇S[q1k (t )] + γ k d k −1 (t )
k

where γ

k

k

is conjugate coefficient.

The calculation methods for the conjugate coefficient γ
and the search step size β k can be computed as [5]:

γ

∫
=

tf

t =0

k

∫

tf

{∇S[ g1k −1 (t )]}2 dt

and γ 0 = 0 for k = 0
βk =

∫

tf

t =0

k

∇S [ g1k (t )]{∇S [ g1k (t )] − ∇S[ g1k −1 (t )]}dt
t =0

2

⎧
∂T ∂ ⎡
∂T ⎤
⎫
+ ∫ ∫ ⎨C (T )
− ⎢ k (T ) ⎥ − Q( x, t ) − G ( x, t ) ⎬ λ dxdt
x =0 t =0
∂t ∂x ⎣
∂x ⎦
⎩
⎭
L

The above extended functional S[q1 (t )] undergoes a
variation ΔS[q1 (t )] when the unknown quantity q1 (t ) , the
temperature T, the heat flux q, volume specific heat C, thermal
conductivity k undergo variations ξΔq1 (t ) , ξΔT (t ) , ξΔq (t ) ,
dk
dC
ξΔT , respectively.
ξΔT ,

(38)

tf

{q[ L, t ; d (t )] − YqL (t )}Δq[ L, t ; d k (t )]dt + ∫ {T [ x1 , t ; d k (t )] − YT 1 (t )}ΔT [ x1 , t ; d k (t )]dt
k

∫

tf

t =0

t =0
tf

{Δq[ L, t ; d k (t )]}2 dt + ∫ {ΔT [ x1 , t ; d k (t )]}2 dt
t =0

(39)
2.5 Stopping criterion
The discrepancy principle is used as the stopping criterion
[4, 5]:
(40)
S[q1 (t )] < χ

5
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where χ denotes the tolerance. Assume that the absolute
values of the heat flux residuals and the temperature residuals
can be approximated by:
(41)
YqL (t ) − q[ L, t ; q1 (t )] ≈ δ q
YT 1 (t ) − T [ x1 , t; q1 (t )] ≈ δ T

(42)

where δ q and δ T is the standard deviations of the heat flux
measurement and temperature measurement, respectively.
Substituting Eqs. (41) and (42) into Eq. (28), the tolerance χ
for the stopping criterion is obtained:
(43)
χ = (δ q2 + δ T2 ) ⋅ t f

data of back surface temperature and heat fluxes are used as the
boundary condition and employed in the objective function,
respectively, to estimate the heat flux and temperature at the
front surface. These recovered heat flux and temperature will
be compared with the front-surface temperature and heat flux
calculated from the above direct problem (i.e. Eqs.(1), (2), (44)
and (45)) to examine the accuracy of the present inverse heat
conduction algorithm.
The simulated measurement data computed from Eqs.
(1), (2), (44) and (45) provide the exact (errorless)
measurement. To account for the measurement error in back
surface heat flux, we add an error term to YqLexact (t ) in the
form:

3. COMPUTATIONAL PROCEDURE
The solution procedure of the above nonlinear IHCP using
the CGM is summarized as follows. Start with an initial guess
q10 (t ) for q1 (t ) , set k = 0, and then perform the steps below:
Step 1. Solve the direct problem given by Eqs. (1) ~ (4)
for T ( x, t ) based on the value q1k (t ) .
Step 2. Check the stopping criterion Eq. (40). Stop the
iteration if satisfied. Otherwise, continue the
following solution procedure.
Step 3. Solve the adjoint problem given by Eqs. (31) ~ (34)
for λ ( x, t ) .
Step 4. Compute the gradient of the functional ∇S[q1 (t )]
from Eq. (35).
Step 5. Compute the conjugate coefficient γ k and the

direction of descent d k (t ) from Eqs. (38) and
(37), respectively.
Step 6. Set Δq1k (t ) = d k (t ) and solve the sensitivity
problem given by Eqs. (24)~(27) for ΔT ( x, t ) and
then Δq ( x, t ) .
Step 7. Compute the search step size β k using Eq.(39).
Step 8. Compute the new estimation for q1k +1 (t ) from Eq.
(36) and then return to Step 1.
4. RESULTS AND DISCUSSION
4.1 Generation of measurement data
Instead of conducting actual experiment, the
measurement data of temperature and heat flux are generated
numerically by solving the direct problem described by the
governing equation (1) with initial condition given by Eq. (2)
and the following boundary conditions:
∂T
(44)
−k
= q − h(T − T ) − εσ (T 4 − T 4 ) for x = 0, t > 0
∞

(46)
YqL (t ) = YqLexact (t ) + ωδ q
where YqLexact (t ) is the data simulated from the direct problem
described by Eqs. (1), (2), (44) and (45); as mentioned earlier,
δ q is the standard deviation of the heat flux measurement and

is set as a percentage of the highest heat flux value at the back
surface; ω is a random variable between -1 and 1 generated
by the Mersenne Twister method [28].
The bias error in heat flux measurement is ignored. In
addition, we assume that the temperature readings at back
surface and interior locations contain no errors since
temperature can be measured with much less uncertainty
compared to the heat flux [8, 9].
4.2 Results of IHCP
The temperature-dependent thermal conductivities of the
composite material [23] are listed in Table 1. The thermal
conductivities at temperatures between any two data points are
obtained by linear interpolation. The density and mass specific
heat are 1200 kg/m3 and 1500 J/(kg·K), respectively for fiber
and are 800 kg/m3 and 1200 J/(kg·K), respectively for the
matrix. Other parameters are: L = 2.5 mm, T0 = 300 K,

T∞ =300 K, h =5 W/(m2·K), R f =400µm, α max =0.4. The
front

heat

flux

is

assumed

to

be

flux, and f is the frequency of the sinusoidal component. Unless
=
200
W/cm2,
and
specified
otherwise,
qc
δ q = 5% ⋅ [YqLexact (t )]max .
Table 1 Thermal conductivities of composites as a function of
temperature [23]

Temperature, K
283
797
1087
3590

∞

∂x
∂T
−k
= h(T − T∞ ) + εσ (T 4 − T∞4 ) for x = L, t > 0
∂x

surface

q = qc + 0.1qc sin(2π ft ) (W/m2), where qc is a constant heat

(45)

where q is the periodic heat flux imposed on the front surface; ε
is surface emissivity; σ the Stefan-Boltzmann constant. The
results are obtained with the validated computer code [24]. In
the inverse heat transfer analysis, the simulated measurement

6

Thermal conductivity, W/(m·K)
0.01
0.5
0.173
0.064
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3

Heat source due to chemical reaction (Q) (W/m )

The thermal properties of the pyrolysis gas are considered
to be those of CO2 [29]. The parameters of decomposition
chemical reaction are as follows: The pyrolysis onset
temperature is T pyro = 625 K ; decomposition reaction heat is

2.00E+009
0.00E+000
-2.00E+009
-4.00E+009
-6.00E+009

160

ΔH = 2 × 10 6 J / kg ; the order of the decomposition reaction is
M = 1; the frequency factor in the rate equation is A =
1.243×107, constant B in the rate equation is: B = -1.17×104 K.
4.2.1 Single interior temperature sensor
Figure 2 shows the inverse heat conduction results for the
case where the location of the single interior temperature sensor
is x1 = 1 / 3L and the frequency of the periodic laser heat
flux is
f = 2 Hz. Figures 2 (a) and (b) show the heat sources Q(0, t)
and G(0, t) due to decomposition chemical reaction and
pyrolysis gas flow, respectively. As can be seen, the peak value
of heat source Q(x, t) due to chemical reaction takes place at
about 0.1 sec while the gas flow heat source peak occurs at
some later time (about 0.3 sec). The time delay between these
two heat sources can be explained as follows. According to Eq.
(8), the heat source Q(x, t) due to chemical reaction is
determined by temporal change rate of the fraction of
decomposed material dα / dt while the heat source G(x, t)
arising from pyrolysis gas flow depends on the absolute value
of α based on Eq. (9) (the higher the fraction α , the larger
the heat source G(x, t)). The maximum rate dα / dt happens
at some point in the interval α = 0 − α max , but the highest value
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Figure 2 Inverse solutions for the case where single interior
temperature sensor is used ( x1 = L / 3 ) and the frequency of the
periodic laser heating is f = 2 Hz: (a) Heat source Q(0, t) due to
decomposition chemical reaction; (b) Heat source G(0, t) due to
pyrolysis gas flow; (c) Recovered front-surface heat flux; (d)
Recovered front-surface temperature.

α

appears at the end of pyrolysis process ( α = α max ). As
is also seen, both heat sources are negative values, which
indicates that the decomposition chemical reaction is
endothermic in nature and the gas flow functions as a heat sink
that continuously takes heat away from the material.
It is also seen that the recovered front-surface heat flux
(Fig. 2(c)) and temperature (Fig. 2(d)) agree well with the
direct solutions obtained by solving Eqs. (1), (2), (44) and (45).
The maximum difference between the recovered temperature
and the accurate solution is 47.87 K, about 2%.
Thermal conductivities of composite materials are usually
very low. For the material discussed here, the thermal
conductivity ranges from 0.01 W/(m·K) to 0.5 W/(m·K), which
is very close to that of a thermally insulated material. Under
this circumstance, the inverse problem becomes severely illposed, and it is very difficult, if not impossible, to recover the
front-surface heating condition just based on the back-surface
heat flux or/and temperature measurements. For the simulation
case shown in Fig. 2, the temperature measurement at an
interior location is indispensable; otherwise, convergent
solution cannot be obtained.
Our numerical experiments also show that the frequency of
the periodic laser heating flux, f, plays a dominant role in the
inverse solution accuracy. The higher the frequency, the more
difficult to obtain a convergent inverse solution. As the
frequency of the periodic laser heating flux increases, a
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Figure 3 Inverse solutions for the case where single interior
temperature sensor is used ( x1 = L / 5 ) and the frequency of the
periodic laser heating is f = 3 Hz. (a) Recovered front-surface
heat flux; (b) Recovered front-surface temperature.
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convergent inverse solution can only be obtained when the
interior temperature sensor is moved closer toward the laser
heating surface.
Figure 3 gives the recovered heat flux and temperature at
front surface when the frequency is increased to f = 3 Hz. The
interior temperature sensor is located at x1 = L / 5 . The
convergent solution cannot be obtained if the depth of the
temperature sensor is deeper than L/5.
When the frequency of the periodic laser heating flux is
further increased to 4Hz, the interior temperature sensor needs
to be further moved toward the laser heating surface. Figure 4
shows the recovered heat flux and temperature at front surface
when the frequency is 4 Hz. The interior temperature sensor
is located at x1 = L / 8 . Again, the convergent solution cannot
be obtained if a temperature sensor is at locations deeper than
L/8.
Figure 5 presents the recovered heat flux and temperature
at front surface for the case where the frequency of the periodic
laser heating flux is elevated to 5 Hz. The interior temperature
sensor is located at x1 = L / 10 . The convergent solution cannot
be obtained when a temperature sensor located at a depth
deeper than L / 10 .
2

Accurate solution
Inverse solution

Recovered heat flux at front surface (W/cm )

2

Recovered heat flux at front surface (W/cm )

250

2500

2000

1500

500
0.0

0.5

1.0

1.5

2.0

2.5

2000

1500

Accurate solution
Inverse solution
RMS difference: 14.70 K
Maximum difference: 46.31 K

1000

500
0.0

Accurate solution
Inverse solution
RMS difference: 6.46 K
Maximum difference: 19.23 K

1000

2500

0.5

1.0

1.5

2.0

2.5

3.0

Time (s)

3.0

Time (s)

(b)
Figure 4 Inverse solutions for the case where single interior
temperature sensor is used ( x1 = L / 8 ) and the frequency of the
periodic laser heating is f = 4 Hz. (a) Recovered front-surface
heat flux; (b) Recovered front-surface temperature.

(b)
Figure 5 Inverse solutions for the case where single interior
temperature sensor is used ( x1 = L / 10 ) and the frequency of the
periodic laser heating is f = 5 Hz. (a) Recovered front-surface
heat flux; (b) Recovered front-surface temperature.
4.2.2 Two interior temperature sensors
All of the foregoing simulations are performed for the case
where only one single interior temperature sensor is installed.
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4.2.3 Simulation on the case where the thermal properties
include random errors
In practice, random errors exist not only in the
measurement of heat flux but also in the measurement of
thermophysical properties. This means that the thermophysical
properties are not just temperature-dependent but also contain
random errors. This further adds to the nonlinear and ill-posed
complexities of the inverse problem. Figure 7 shows the results
for the composite material whose thermal properties (thermal
conductivity and specific heat) contains 5% random errors. The
frequency of the periodic laser heating flux is 5 Hz. A single
interior temperature sensor located at x1 = L / 10 is used. It is
seen that the inverse algorithm and the numerical model
formulated in this study have very good performance in
handling this type of problems where error-containing thermal
properties are involved.

240

2

Recovered heat flux at front surface (W/cm )

2

Recovered heat flux at front surface (W/cm )

For inverse heat conduction problems, it is generally
recognized that multiple sensor measurement information can
give more accurate inverse solutions. The extension of the
computational model from single-interior-temperature-sensor
case to two-interior-temperature-sensors case is quite
straightforward. For brevity, the detailed derivations of
equations are not given here.
Figure 6 shows the inverse solutions for the case where
two interior temperature sensors are used. One is located at
x1 = L / 3 , and the other is located at x 2 = 2 L / 3 . The
frequency of the periodic laser heating flux is 5Hz. It can be
seen in Fig. 6 that the oscillating character in the periodic laser
heating cannot be correctly recovered even if two interior
temperature sensors are used, because they are buried too
deeply. This implies that moving the embedded temperature
sensor toward the front surface is the most efficient way to
recover the high-frequency periodic heat flux at front surface
for low thermal-conductivity composites.
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Figure 6 Inverse solutions for the case where double interior
temperature sensors are used ( x1 = L / 3 , x2 = 2L / 3 ) and the
frequency of the periodic laser heating is f = 5 Hz. (a)
Recovered front-surface heat flux; (b) Recovered front-surface
temperature.

2500

Figure 7 Inverse solutions for composite material whose
thermal properties include 5% random errors (frequency f = 5
Hz, single interior temperature sensor is used at x1 = L / 10 ).
(a) Recovered front-surface heat flux; (b) Recovered frontsurface temperature.

9

Copyright © 2009 by ASME

5. CONCLUSIONS
In this work, a new inverse numerical model is developed
to recover the periodic heating condition at the front surface of
a low-thermal-conductivity composite material using the backsurface temperature and heat flux measurements as well as
interior temperature readings. The pyrolysis chemical reaction
and outgassing flow effects are well incorporated. It is found
that for the low-thermal-conductivity composite materials, the
inverse heat conduction problem becomes severely ill-posed,
and it is necessary to measure the temperatures at interior
locations as additional information to recover the front-surface
periodic heating condition. Our numerical experiments showed
that the frequency of the periodic laser heating flux plays a
dominant role in the inverse solution accuracy. When the
frequency of the periodic laser heating flux is high, a
convergent inverse solution can only be achieved when the
interior temperature sensor is located at a shallow depth. The
optimum sensor locations are suggested for a variety of cases
that have different heating frequencies. Simulations are also
performed to test the case where dual interior temperature
sensors are installed. The results showed that even with two
interior temperature sensors the oscillating characteristic in the
periodic laser heating cannot be correctly reconstructed if the
locations of these two sensors are far away from the laser
heating surface. This implies that moving the embedded
temperature sensor toward the laser heating surface is the most
efficient way to recover the high-frequency periodic heat flux
at the front surface of a low-thermal-conductivity composite
material. The robustness of the proposed inverse algorithm and
numerical strategies are also demonstrated by its strong ability
in handling the case of thermal properties with random errors.
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