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Abstract
Natural convection controlled melting in a rectangular enclosure with convective heating on one side was
investigated analytically. The liquid phase can be divided into three regions: (1) cold boundary layer near solidliquid interface, (2) warm boundary layer near the heated vertical wall, and (3) the core region between these
two boundary layers. The governing equations in the three regions are nondimensionalized into a set of ordinary
differential equations and solved numerically. The effect of Biot number on the wall and core temperatures, the
velocity of the solid-liquid interface, and heat transfer characteristics are investigated.

1. Introduction
Interest in utilizing clean energy is growing because of environmental considerations. Solar energy is one of the
promising clean energies, but due to its periodic feature, a heat storage device is needed. The thermal energy
storage system using a Phase Change Material (PCM) is an attractive method because a large amount of latent
heat can be stored or released during the melting or solidification process of the PCM. Variety of phase change
materials is used in the thermal energy storage device so as to increase its heat storage capacity and reduce the
temperature difference during operation. In the thermal energy storage process, the hot working fluid from the
solar energy collector flows into the thermal energy storage device to melt the PCM and store thermal energy in
the form of latent heat. Natural convection plays a significant role in melting due to the temperature difference in
the liquid phase.
Natural convection controlled melting in a rectangular cavity
under the boundary condition of the first and second kinds has
been investigated extensively (Ho and Viskanta, 1984; Gadgil
and Gobin, 1984; Bejan, 1989; Zhang and Bejan, 1989; Zhang
and Chen, 1994). In a solar energy utilization system, the
working fluid absorbs heat in the solar energy collector and
transfers the heat to the latent heat thermal energy storage system
via convection (Zhang and Faghri, 1995; 1996; Zhang et al.,
1997). Therefore, melting in the latent heat thermal energy
storage system is neither under boundary conditions of the first
kind nor under boundary condition of the second kind. It is under
the boundary conditions of the third kind. In order to thoroughly
understand the mechanism in the latent heat thermal energy
storage unit, it is necessary to study melting in an enclosure
under the boundary of the third kind.
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2. Physical Model
The physical model under consideration is shown in Fig. 1. The
enclosure with height of H and width of L is filled with PCM at
its melting point, Tm. The top, bottom and the left side of the
enclosure are adiabatic. At time t>0, the right side of the
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enclosure is in contact with working fluid at temperature of Te. The convective heat transfer coefficient between
the working fluid and the right wall is he and it is a constant. It is assumed the thickness of the right sidewall is
very small and therefore, the conduction thermal resistance of the wall is negligible. The melting process can be
divided into two stages: conduction and convection stages. During the conduction stage, conduction is the
dominant model of heat transfer. The problem can be simplified as a 1-D melting problem under boundary
condition of the third kind and the analytical solution is available (Cho and Sunderland, 1981). The melting
process enters the convection stage when the thickness of the melting layer increases and natural convection
becomes the dominant mode of heat transfer. Although the process is still unsteady, the transient terms in
mathematical equations describing in the melting process will have negligible effect and the process is
considered to be quasi-steady (Bejan, 1989).
When the melting is in the early stage of the convection regime, the solid-liquid interface can be assumed to be
sufficiently straight and vertical. In addition, the following assumptions are made:
1. The properties of liquid PCM are constants except for density, which is a function of temperature
(Boussinesq assumption). The liquid is Newtonian and incompressible.
2. The Prandtl number of the liquid phase change material is greater much than 1. This assumption is valid
for most PCMs (Zhang and Bejan, 1989).
3. The liquid motion induced by volumetric variation during melting is neglected, i.e., the density of the
solid is equal to that of the liquid.
The liquid phase can be divided into three regions: (1) cold boundary layer near solid-liquid interface, (2) warm
boundary layer near the heated vertical wall, and (3) the core region between these two boundary layers (Bejan,
1989). The governing equations for the three regions are described below.
2.1 The cold boundary layer
The analysis of the cold boundary layer is performed in a frame (x-y system) that is attached onto the solidliquid interface. Since the Prandtl number of the liquid is much larger than unity, the inertia terms in the
momentum equation can be neglected. The advection induced by the solid- liquid interface motion in the
boundary layer equations can also be neglected since the solid- liquid interface velocity is typically several
orders of magnitude smaller than the natural convective velocity in the boundary layer (Gadgil and Gobin 1984).
The momentum and energy equations for the cold boundary layer are
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These equations were solved by an integral method. By following the procedure similar to Bejan (1989) and
Zhang and Bejan (1989), an ordinary differential equation about could boundary layer thickness, δ, is obtained
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where Tc is the core temperature, ρ is density, hm is latent heat of melting, β is the thermal expansion coefficient,
ν and α are kinematic viscosity and thermal diffusivity respectively.
Since the cold boundary layer starts from the top of the enclosure, the boundary condition of eq. (3) is

δ (H ) = 0

(4)

The solid-liquid interface velocity, u0, can be obtained by energy balance at the interface. Considering the
assumed temperature profile in the cold boundary layer used in the integral solution, the solid-liquid interface
velocity is

u0 =

2k (Tc − Tm )
ρhmδ

(5)

2.2 The warm boundary layer
The warm boundary layer is attached onto the heated wall, i.e., on a stationary frame (xr-y). The Analysis of the
warm boundary layer is very similar to that of the cold boundary layer. The momentum and the energy equations
are the same as eqs. (1-2) except the (x, v, T) are replaced with (xr, vr, Tr). After performing the integral solution,
the equation of the warm boundary layer thickness becomes
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The boundary condition of eq. (6) is

λ ( 0) = 0

(7)

The wall temperature, Tw, can be obtained by considering energy balance at the right side wall of the enclosure

2k (Tw − Tc )
= he (Te − Tw )
λ

(8)

2.3 The core region
The temperature of the core region, Tc, can be obtained by considering the fact that the horizontal entrainment
velocities of the two boundary layers represent the same core flow (Bejan, 1989; Zhang and Bejan, 1989).
(9)
δ 3 (T c − T m ) = λ 3 (T w − T c )
The core temperature is the lowest at the bottom and highest at the top of the enclosure, i.e.,

Tc (0) = Tm
Tc ( H ) = Tw ( H )

(10)
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3. Solutions
Defining the following dimensionless variables
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the following dimensionless equations are obtained
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and their corresponding boundary conditions are

Y =0
Y =1

Λ=0
∆=0

θc = 0
θc = θ w

(18)
(19)

The dimensionless solid-liquid interface velocity is

U 0 = 2θ c / ∆
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The set of ordinary differential equations (13-14), with
boundary conditions specified by eq. (18-19) is a boundary
value problem. The boundary value problem was solved by
using a shooting method in the interval of Y=0 and Y=1. The
objective of the shooting method was to satisfy boundary
condition ∆(1)=0 by properly adjusting ∆(0). Equations (1314) are discretized using an implicit scheme. The discretized
equations and eqs. (15-16) are solved using an iteration
method. Double procession was employed in all calculations
to ensure the accuracy. After the grid size independent test,
the number of nodal points along the height is chosen to be
N=2000, which corresponds to a grid size of ∆Y=0.0005. In
the iterative solution procedure, the converged solution for a
particular Y is obtained when the difference between two
consecutive iteration for all four variables are less than 10-9.
The converged solution for the entire problem is obtained
when shooting error for ∆(1) is less than 10-9.
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Fig. 2 Dimensionless wall temperature

4. Results and Discussions
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Figure 2 shows the distribution of the dimensionless wall
temperature at different external convective heat transfer
conditions. The Stefan number is usually very small for the
solid-liquid phase change system, and it has negligible effect
on the results (Bejan, 1989). Therefore, the results in Fig. 2
are obtained for the case of Ste=0. It can be seen that the
dimensionless wall temperature is a constant when
Bi/Ra*1/4=104, which agree with the case of the boundary
condition of the first kind (Tw=Te). The dimensionless wall
temperature increases with increasing Y for lower Bi/Ra*1/4.
The wall temperature increases rapidly near Y=0 and Y=1,
and it is linear function of Y in the middle portion along the
height direction. When Bi/Ra*1/4=0.1, the result is similar to
that of constant heat flux heating in Zhang and Bejan (1989).
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The distributions of the core temperature are shown in Fig.
3. It can be seen that the core temperature is linear function
of Y when Bi/Ra*1/4=104, which is similar to the case of
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Fig. 3 Dimensionless core temperature
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constant temperature heating. The core temperature decreases when Bi/Ra*1/4 decreases because the amount of
heat absorbed by the PCM is lower for smaller Bi/Ra*1/4. When Bi/Ra*1/4=0.1, the distribution of the core
temperature is similar to that of constant heat flux heating in Zhang and Bejan (1989). The results in Fig. 2 and 3
indicated that the present model is capable to simulate melting in an enclosure subjected all three kinds of
boundary conditions.
The variation of the dimensionless solid-liquid interface velocity along Y direction for different external heat
transfer conditions are shown in Fig. 4. For the case of Bi/Ra*1/4=104, the present results agreed very well with
the results of Bejan (1989), who investigated melting in an enclosure under the boundary conditions of the first
kind. As can be seen from Fig. 4, the solid-liquid interface velocity decreases with decreasing Bi/Ra*1/4 since the
heat absorbed by the PCM decreases with decreasing Bi/Ra*1/4. The heat transfer characteristics and the rate of
melting are shown in Fig. 5. The heat transfer characteristics is evaluated by using the following parameter
(21)

where, Nu=hL/k is Nusselt number. It should be pointed
out that the temperature difference in Ra* is (Te−Tm),
which is really not the driving force of natural
convection. The driving force for natural convection in
the liquid phase should be (Tw−Tm). Therefore, the
Rayleigh number based on (Tw−Tm), Ra, is defined and its
relationship with Ra* is shown in eq. (9). Substituting eq.
(9) into eq. (21), the following parameter is obtained and
it is a parameter that can accurately reflect the
characteristics of the natural convection.
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It can be seen from Fig. 5 that the difference between the
parameters defined by eqs. (21) and (22) vanishes and they
become a constant equal to 0.374 when Bi/Ra*1/4>102,
which are same as the case of constant temperature heating
in Bejan (1989). Therefore, the melting problem can be
treated as boundary condition of the first kind when
Bi/Ra*1/4>102. Nu/Ra1/4 increases with decreasing Bi/Ra*1/4
and its value approaches the results of constant heat flux
heating when Bi/Ra*1/4=0.1.
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The melting rate can be obtained by
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where, V/V0 is the ratio of the liquid volume over the total
volume of the enclosure. As can be seen from Fig. 5, the
rate of melting is same as that of boundary condition of the
first kind when Bi/Ra*1/4>102. The rate of melting
decreases with decreasing Bi/Ra*1/4 since the wall
temperature decreases with decreasing Bi/Ra*1/4.
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Fig. 5 Heat transfer and melting rate
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5. Conclusion
Natural convection controlled melting in an enclosure under boundary condition of the third kind is investigated
analytically. The results show that the melting process is similar to that under boundary condition of the first
kind when Bi/Ra*1/4>102. The results approach to that under boundary condition of the second kind when
Bi/Ra*1/4 decreases. Therefore, the present model provided a generalized solution for natural convection
controlled melting in an enclosure and it is applicable to all three kinds of boundary conditions. The heat transfer
and melting rate under different condition can be calculated by using Fig. 5.
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